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Equilibrium simulations of SU(3) lattice gauge theory (LGT) are usually performed with periodic
boundary conditions (BCs). In contrast to that one has confined BCs for the deconfined regions
created in heavy ion collisions. We show that the change of BCs leads to quantitative corrections,
which survive for finite volumes in the continuum limit. We perform a pilot study of pure SU(3) LGT
to estimate resulting effects when deconfined volumes are comparable to those typically encountered
in the BNL RHIC experiment. We find that the deconfinement temperature rises (opposite to effects
of quarks), while the first order transition becomes altered to a crossover (similar to effects of quarks).
PACS numbers: PACS: 05.10.Ln, 11.15.Ha
At a sufficiently high temperature QCD is known to
undergo a phase transition from our everyday phase,
where quarks and gluons are confined, to a deconfined
quark-gluon plasma. Since the early days of lattice gauge
theory simulations of this transition have been a subject
of the field [1], see [2] for reviews. Naturally, such simu-
lations focused on boundary conditions (BCs), which are
favorable for reaching the infinite volume quantum [3]
continuum limit quickly. For pure SU(3) lattice gauge
theory these are periodic BCs on lattices of size Nτ N
3
s
(see, e.g., Ref. [4] for a textbook).
In the following we restrict our discussion to the Wilson







ReTr (U) , (1)
U = Ui1j1Uj1i2Ui2j2Uj2i1 , where the sum is over all pla-
quettes of a 4D simple hypercubic lattice, i1, j1, i2 and
j2 label the sites circulating about the plaquette and Uji
is the SU(3) matrix associated with the link 〈ij〉. The
reversed link is associated with the inverse matrix. The
theory is defined by the expectation values of its opera-





+βg S({U}) , (2)
where the integrations are over the invariant group mea-
sure and βg is related to the bare coupling constant by
βg = 6/g
2. This makes SU(3) lattice gauge theory a 4D
statistical mechanics.
The physical temperature of the gauge system on a
Nτ N
3








where a is the lattice spacing. Numerical evidence
strongly suggests that for Nτ fixed (e.g., Nτ = 4) and
Ns → ∞ SU(3) lattice gauge theory exhibits a decon-
fining phase transition (sub- or superscript t) at some
coupling βtg(Nτ ) = 6/g
2
t (Nτ ). The transition is weakly
first order [5]. For finite Ns > Nτ pseudo-transition (pt)
couplings βptg (Ns;Nτ ) can be defined, which have a finite
size behavior of the form
βptg (Ns;Nτ ) = β
t







+ . . . , (4)
where the superscript p of ap3 indicates periodic BCs. Fits
to this form yield βtg(Nτ ) and estimates of β
t
g(Nτ ) are
given in Boyd et al. [6].
The βtg →∞ scaling behavior of the deconfining tem-
perature is
T c = cT ΛL(β
t
g) (5)







)−b1/(2b20) e−1/(2b0 g2) . (6)
The coefficients b0 and b1 are perturbatively determined
by the renormalization group equation and independent












. For perturbative and non-perturbative
corrections we adopt the analysis of [6] in the parameter-
ization of [8]:




2 + a4 g
4
with a1 = 71553750, a2 = 19.48099 a3 = −0.03772473,
and a4 = 0.5089052.
In this paper we set the physical scale by [9],
T c = 174 MeV , (7)
2which is approximately the average from QCD estimates
with two light flavor quarks [2] in the infinite volume
extrapolation. The relation (3) implies for the temporal
extension of the system
Lτ = 1.13 fermi . (8)
For the deconfinement phase created in a relativistic
heavy ion collider (RHIC) the infinite volume limit
Ns/Nτ → ∞ for fixed Nτ and subsequently Nτ → ∞
(Lτ = aNτ finite) does not apply. Instead we have to
take the continuum limit as
Ns/Nτ = finite , Nτ →∞ , Lτ finite , (9)
and periodic BCs are incorrect. Instead the boundary is
in the confined phase. Corrections to the infinite volume
continuum limit survive in the finite volume continuum
limit. The physical reason for this is that correlation
lengths are proportional to Nτ and Nτ/Ns does no longer
approach zero. Such corrections are found for periodic as
well as for confined BCs. For deconfined volumes, which
could typically be observed at the BNL RHIC [10], we
estimate that the corrections are negligible for periodic
BCs, but not for confined BCs.
In collisions at the BNL RHIC one expects to create an
ensemble of differently shaped and sized volumes, which
contain the deconfined quark-gluon plasma. The largest
volumes are those encountered in central collisions. A
rough estimate of their size is
pi × (0.6×Au radius)2 × c× (expansion time)
= (55 fermi2)× (a few fermi) (10)
where c is the speed of light. To imitate this geometry,
one may want to use cylindrical spatial volumes in the
simulation. In this exploratory study we are not imitat-
ing a realistic ensemble of deconfined volumes, but just
try to get an idea of the magnitude of corrections one
may expect. So we stay with N3s volumes and focus on
results in the continuum limit for
Ls = aNs = (5− 10) fermi . (11)
Confined BCs introduce an orderN2s disturbance, so that
Eq. (4) becomes
βptg (Ns;Nτ ) = β
t
















+ . . . ,
where the superscripts c of the coefficients aci indicate
confined BCs.
SU(3) matrices on links in the confined phase are es-
sentially random matrices when compared to those in the
deconfined phase. In our Monte Carlo calculations we ap-
proximate their contribution to the action by omitting
periodic BCs confined BCs
Ns Nmeas β
pt
g (Ns; 4) Nmeas β
pt
g (Ns; 4)
12 32× 10 000 5.6904 (27) 64× 20 000 6.110 (34)
16 32× 10 000 5.6912 (11) 64× 20 000 5.8460 (83)
20 32× 10 000 5.69184 (69) 32× 10 000 5.7744 (59)
24 32× 10 000 5.69170 (41) 32× 10 000 5.7426 (30)
32 32× 10 000 5.69225 (16) 32× 10 000 5.7192 (11)
TABLE I: Number of measurements and pseudo-transition















Nτ=6 confined BCsNτ=4 confined BCsNτ=4  periodic BCs
FIG. 1: Fits of our pseudo-transition coupling constant values
and their infinite volume extrapolation.
plaquettes, which involve links through the boundary.
For both periodic and confined BCs we present results
from simulations on Nτ ×N
3
s , Nτ = 4, Ns = 12, 16, 20,
24, 32 lattices and include preliminary data from Nτ = 6,
Ns = 18, 20, 24, 28, 32, 40 lattices in the analysis.













to define pseudo-transition couplings βptg (Ns;Nτ ). The
statistics of our Nτ = 4 simulations along with our es-
timates for βptg (Ns;Nτ ) is summarized in table I. A
fit of our data with periodic BCs to (4) gives βtg(4) =
5.69236 (21) in agreement with the value 5.6925 (2) re-
ported in [6]. From now on we use βtg(4) = 5.69236 (21)
as the infinite volume limit for both boundary conditions.
In Fig. 1 we show the fit (12) to βtg(4) and our pseudo-
transition values βptg (Ns; 4) from simulations with con-
fined BCs in comparison to the corresponding fit (4) for
simulations with periodic BCs. While the finite size cor-
rections are practically negligible for the simulations with
periodic BCs, this is not the case for the confined BCs.














Nτ=6 confined BCsNτ=4 confined BCsNτ=4  periodic BCs
FIG. 2: Estimate of finite volume correction to the deconfine-
ment temperature, originally set at 174MeV.
We also include a fit to our Nτ = 6 data and β
t
g(6) =
5.8941 (5) from [6] in Fig. 1. Although the goodness Q of
this fit is entirely satisfactory, the shape is still somewhat
unstable under small fluctuations of the data, so that this
curve is preliminary. We have started runs on 6 × 483
lattices, which are expected to stabilize the Nτ = 6 fit.
Simulations with confined BCs have turned out to be far
more CPU time consuming than those with periodic BCs.
The increased width of the transition is one reason. Such
technical details will be reported elsewhere.
The infinite volume T c value (7), the Lambda scale
(6) and Eq. (5) give us the g2 dependence of the lattice
spacing a in units of fermi, which governs the approach to
the continuum limit. Using theNτ = 4 fit to (12) of Fig. 1
together with Eqs. (3) and (11) allows to eliminate g2 and
we plot the resulting function T c(Ls) in Fig. 2. Repeating
this procedure for our Nτ = 6 fit to (12) gives, as is seen
in Fig. 2, almost the same T c(Ls) dependence. Although
this may be to some extent accidental, it provides some
evidence that the Nτ = 4 function of Fig. 1 is already
representative for the finite volume continuum limit. For
a box of volume (10 fermi)3 T c is about 5% higher than
the infinite volume estimate and this correction increases
to about 17% for a (5 fermi)3 box.
Let us now consider the width of the transition. For
a 4 × 163 lattice with confined BCs the Polyakov loop
susceptibility as a function of βg is shown in Fig. 3. We
use reweighting [11, 12] to cover a range of βg and define
∆β2/3 as the width of a peak at 2/3 of its height. For
Nτ = 4 we have determined ∆β2/3 in simulations with
periodic and confined BCs. The estimates are listed in
























FIG. 3: The Polyakov loop susceptibility on a 4× 163 lattice
with confined BCs.
periodic BCs confined BCs
Ns χmax ∆β2/3 χmax ∆β2/3
12 3.585 (71) 0.0207 (11) 1.715 (27) 0.448 (18)
16 7.62 (16) 0.0103 (13) 1.879 (26) 0.0997 (21)
20 16.17 (67) 0.00498 (68) 2.525 (84) 0.0440 (27)
24 28.6 (1.1) 0.00277 (32) 3.58 (14) 0.0225 (16)
32 73.0 (2.0) 0.00132 (16) 7.67 (39) 0.00709 (61)
TABLE II: Maxima of Polyakov loop susceptibility and width
of the transition for lattices 4×N3s .














for confined BCs, reflecting the leading order corrections
in case of a first order phase transition. We have omit-
ted our smallest lattice 4×123 from the fit with confined
boundary conditions, because the width becomes for this
lattice so broad that it spoils the goodness Q of the fit.
The leading order coefficients are then cp1 = 1.17 (55) and
cc1 = 0.650 (49). Both data sets together can be consis-
tently fitted with their weighted average c1 = 0.654 (49),
so that the ratio of the widths becomes one in the infinite
volume limit. These fits are shown in Fig. 4.
We want to plot the width in physical units of MeV
versus the box size in fermi and follow a similar procedure
as before for T c(Ls). For given Ls(βg) we define




g −∆β2/3/2) . (16)
The dependence ∆T (Ls) is shown in Fig. 5. Compared to
periodic BCs confined BCs lead to a substantial broad-
ening of the transition for the volumes considered: At
(10 fermi)3 by a factor of 4.3 and at (5 fermi)3 by a fac-

































FIG. 5: Estimate of finite volume correction to the Nτ = 4
width of the deconfinement phase transition.
hanced) transition temperature at (10 fermi)3 and about
8% at (5 fermi)3.
For the first order phase transition the maxima of the
Polyakov loop susceptibility have to scale with the sys-
tem volume. Using the Ns ≥ 16 data of table II, ac-
ceptable fits to the form χmax = d1 + d2 N
3
s are ob-
tained: Q = 0.65 for periodic and Q = 0.25 for confined
BCs. The leading coefficients differ, dp2 = 0.002244 (58)
and dc2 = 0.0001859 (94). This is possible because the
Polyakov loop maxima are not physical observables, but
bare quantities.
To summarize: Relatively small volumes as typical for
the deconfined phase in relativistic heavy ion collisions
lead in our investigation to a rounding of the transition
and to an increase of the (effective) deconfinement tem-
perature. The magnitude of the effects found can be
competitive to that of other corrections, foremost the in-
clusion of quarks. Seminal results require similar simula-
tions on larger Nτ lattices and an extension of the con-
cepts to studies, which include quarks. The entire equi-
librium thermodynamics of the deconfined phase ought
to be addressed. Most scattering events at the RHIC are
not from central collisions. So one has to cope with a dis-
tribution of volumes, each of it associated with its own ef-
fective deconfinement temperature and width. The con-
cept of one transition temperature becomes thus blurred
in the actual experimental situation.
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